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Let F(s) = K*/~ IQ/2)5(s). Using the fact that ReF(s) = 0 whenever arg 
F(s) = 42 (mod r) it will be shown from the asymptotic behavior of r(a + it) 
asItI-tcothatfora>tthenumberofzerosofReF(a+it)onO<t~T 
is at least T/2a log(T/2?r) + O(T). 
1. Let F(s) = 7r-8/2F(~/2) c(s), where S(s) is the Riemann zeta 
function and s = u + it. Let q,Q) be the number of zeros of 
ReF(X + it) on 0 < t < T. Then Berlowitz [I] has shown that for 
0 < X < 1, I = co. This was extended by Berndt [2] who showed 
that qA(T) > AT for large T where A > 0 depends on h, 0 < A < 1. 
Similar results are shown for Im F(h + it). 
In fact this result can be very much improved because the zeros of c(s) 
are known to cluster near o = l/2. 
Let A > 4. (The case A < + follows from F(h + it) = P(1 - h + it) 
and the case h = 4 is that of [(& + it) itself since F(& + it) is real because 
F(s) = F(1 - s).) It will be proved here that for h > 4 
~0’) > & log & - 5 + O(log T + X + T1-1/4(n-11z) log T) (1.1) 
Of course for X = 3 this is of no interest but for that case we have 
Selberg’s result on && + it) itself. 
Clearly Re F(A + it) is zero if 
arg F(A + it) = T (mod r). U-2) 
Now arg r(&(X + it)) is easily ascertained from Stirling’s formula and 
changes in arg [(A + it) can be dominated by using the principle of the 
argument in an appropriate rectangle and recalling that 5(s) has rather 
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few zeros for u > X > +. The simple nature of this method is most easily 
discerned for large h. Suppose h > 2. Then 
Re <(h + it) > I - 2 $ 3 2 - l(2) > i . 
?I>-,2 
Hence 1 arg 5(h + it)1 < VT/~, and so for h > 2, 
argF(X + it) = --it logn + arg r($(X + it)) + O(1). 
Hence by Stirling’s formula 
arg F(A + it) = $ log $ - g + O(X). (1.3) 
Therefore in 0 < t < T, (1.2) must be satisfied at least 
times and so (1.1) is proved for X > 2. It is obvious that this method also 
applies to IrnJQ + it). 
2. Now let 2 > X > 8. Let the zeros of 5(X + it) on 0 < t < T 
occur at aj , 1 < j < M. (If there are no zeros the argument simplifies 
in an obvious way.) We shall assume Qu + iT) # 0 since the result for 
this case implies the result for all T. Let C be the indented rectangle with 
vertices at (X, 0), (2,0), (2, T) and (h, T) and with M semicircular indenta- 
tions centered at h + iaj and of small radius E such that on these semicircles 
u > h. Then arg Q/2) and arg l(s) and hence arg F(s) varies continuously 
in any part of C. (On the whole of C arg c(s) will not return to its initial 
value if there are zeros of c(s) inside of C.) 
Let 
Ho = arg F[X + i(a, - 0)] - arg F(A), 
Hj = arg F[h + i(aj+l - 0)] - arg F[X + i(ai + O)] 
for1 <j<M-land 
ITIM = argF(‘(X + iT) - argF[X + i(aM + O)]. 
As usual, let N(X, T) be the number of zeros of c(s), and hence of 8’(s), 
in a t h, 0 < t < T. From a familiar argument [3, Section 9.41 the change 
in arg [(u + iT) and hence of argF(u + iT) for h < u < 2 is O(log T). 
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Recall (1.3) for A = 2. Applying the principle of the argument to F(s) 
on C and letting E -+ 0 in the semicircles shows that 
- n[N(h, T) - N(A + 0, T)] = 27rN(A + 0, T), 
or 
- 27rN(h, r> + TIN@, T) - N(A + 0, T)]. 
Since H, represent a change in arg F(A + it) on an interval, the condition 
(1.2) is satisfied at least Hi/r - 2 times in the intervals. In addition to the 
zeros of Re F(h + it) determined by (1.2) there are also zeros at h + iq 
where 5 is zero. Hence 
or, using the formula above this one, 
- 2N(A, 7’) + N(A, T) - N(A + 0, 7’). 
Because of possible multiple zeros, N(X, I’) - N(h + 0, I”) >, M, and so 
?hm > g log g - & + O(log T) - 2N(h, Z-‘). 
But there are many known bounds on N()c, T) [3, Chap. 91. In particular, 
according to Selberg [3, Theorem 9.19c], 
N(A, T) = O(T1-1/4(A-1/2) log T) 
uniformly for 4 < X < 1, and N(h, T) = 0, h > 1, which proves (1 .l) 
for 4 < h < 2. 
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